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How Can Gravity and 

Quantum Mechanics Coexist?
• 3 of 4 forces – strong, weak and electromagnetic – have been put 

on a common footing in the Standard Model, fully quantum 

mechanical and relativistic, and subject to a multitude of 

experimental tests.  All carried by spin 1 bosons. 

• Gravity is very different – carried by 

a spin 2 boson, the graviton.

• Conventional wisdom for 25 years: The only way to make 

gravity consistent with quantum mechanics is if all elementary 

particles are really oscillation modes of strings.

• Could quantum gravity be consistent, without strings, with only 

point-like particles?  

• Will investigate this by scattering gravitons in a (very) 

supersymmetric “toy model”, N=8 supergravity.
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QED vs. Gravity

E&M a vector force,

carried by 

spin 1  photon g

Gravity a tensor force, 

carried by 

spin 2  graviton h

End view
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QED vs. Gravity

Coulomb’s Law for 
electrostatic force

Newton’s Law of 

universal gravitation
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Graviton Scattering 

– Strictly a Gedanken Experiment

• Even the leading term is unobservably

small, let alone quantum corrections!

• Like QED, sum up all Feynman

diagrams at each loop order

(number of closed loops)

• Successive orders should be

suppressed by a very small number, 

at least when energies are small: 

q
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Graviton Scattering Amplitude

q

(24 more)
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Compare Photon & Graviton Scattering

In both cases, have to do a sum over all

possible quantum fluctuations

 an integral over relativistic four-momentum p
flowing around the loop:

But the form of Newton’s Law, boosted

relativistically to high energies

generically implies two powers worse

behavior in p per loop in gravity than in QED
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Compare Photon & Graviton Scattering

In QED, the integrals “barely” converge 

– in fact, there are divergences 

(in other diagrams) but the divergences can 

systematically be removed by renormalization

In gravity, the integrals look hopelessly divergent.  

In fact, one loop amplitude in pure gravity is finite           

’t Hooft, Veltman 1974

But at two loops there is a divergence which 

cannot be removed by renormalization – and all

predictive power is lost 

Goroff, Sagnotti 1986; van de Ven 1992

Pure gravity is nonrenormalizable
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Divergences in quantum gravity

has mass dimension 2

GN  = 1/MPl
2 has mass dimension -2 

Every additional                  1 more loop [dimensional analysis]

- Divergences always associated with local operators: counterterms

- On-shell counterterms are generally covariant, 

built out of products of Riemann tensor                (& derivatives       )

• Terms containing Ricci tensor             and  scalar  

removable by nonlinear field redefinition in Einstein action

One-loop 

However, 

is Gauss-Bonnet term, total derivative in four dimensions.

So pure gravity is UV finite at one loop (but not with matter) 
‘t Hooft, Veltman (1974)
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Pure gravity divergence at 2 loops

Relevant counterterm,

is nontrivial.  By explicit Feynman diagram calculation 

it appears with a nonzero coefficient at two loops

Goroff, Sagnotti (1986); van de Ven (1992)
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Pure supergravity (          ):
Divergences deferred to at least three loops

However, at three loops, there is an N=8 supersymmetric

counterterm,  abbreviated        , 

plus (many) other terms containing other fields in N=8 multiplet.
Deser, Kay, Stelle (1977); Kallosh (1981); Howe, Stelle, Townsend (1981)

produces first subleading term in low-energy limit of 

4-graviton scattering in type II string theory:

Gross, Witten (1986)

4-graviton amplitude in (super)gravity

cannot be supersymmetrized

– it produces a helicity amplitude (-+++) 

forbidden by supersymmetry Grisaru (1977); Tomboulis (1977)
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Supergravity

• Most supersymmetry allowed, for maximum spin of 2

• Unique theory, but very complicated-looking interactions

DeWit, Freedman (1977); Cremmer, Julia, Scherk (1978); Cremmer, Julia (1978,1979)

• The eight supersymmetries relate all states to each other, 

½ unit of helicity at a time

28 = 256 particles, all massless
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Supergravity vs. String Theory

Lowest, massless states of one string theory (closed  

type II superstring) identical to those of N=8 supergravity.

Low-energy limit of interactions also the same; but high 

energy behavior is very different due to massive states

String vibrations imply an infinite tower of particle 

states with increasingly large mass
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Supergravity Through Two Loops

• Prevailing wisdom in 1980s:  R4 divergence at three loops 

• In 1998, two loop graviton scattering amplitude computed in                 

N=8 supergravity (Bern, LD, Dunbar, Rozowsky, Perelstein)

• Result finite (not surprising)

• Surprise: it behaves better than expected in the ultraviolet, 

just as well as a maximally supersymmetric gauge theory:                                     

N=4 super-Yang-Mills theory

• Four extra derivatives come out  D4R4
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• 1 loop:

Extreme simplicity at 1 and 2 loops

“color dresses kinematics”

Bern, Rozowsky, Yan (1997); Bern, LD, Dunbar, Perelstein, Rozowsky (1998)

• 2 loops:

Green, Schwarz, Brink; 

Grisaru, Siegel (1981)

N=8 supergravity:  just remove color, square prefactors!

Degree of finiteness same as for  N=4 SYM for  L = 1,2
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Beyond Two Loops

• The form of the two-loop result, plus some partial 

information about higher loops, suggested in 1998 

that first divergence for N=8 supergravity would be 

delayed, from three to five loops (D4R4)

• But it still seemed quite likely that N=8 supergravity

would diverge at five loops

• Hints of even better behavior unfolded between 

1998 and 2006, motivating computation of full 3 loop 

amplitude in 2007, and 4 loop amplitude in 2009.
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New Technology Needed

• Avoid Feynman diagrams – way too many!

• Actually this was true even at two loops.

• Use fact that scattering amplitudes are unitary 

transformations between in and out states

• Make use of a close connection between 

N=8 supergravity and N=4 super-Yang-Mills theory at 

leading order in perturbation theory (tree level)

Kawai-Lewellen-Tye (KLT) (1986)

“gravity as the square of gauge theory”
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Amplitudes via Unitarity

• Very efficient due to simple structure of lower loop amplitudes   

– information is recycled to higher loops

• S-matrix is a unitary operator between in and out states

 Unitarity relations (cutting rules) for amplitudes

• Generalized unitarity (additional cuts) necessary to 

reduce everything to tree amplitudes (in order to apply KLT relations)

Same technology now used for state-of-art QCD computations for LHC!
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Gravity = (gauge theory)2

Circularly polarized states have definite helicity h – twice as much for graviton

Simplest KLT relation – other relations found by  Bern, Carrasco, Johansson 2007

All graviton scattering amplitudes look like products of gluon ones!

Think of graviton as two photons (or better, gluons) on top of each other
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Compare spectra

28 = 256 massless states, ~ expansion of  (x+y)8

SUSY

24 = 16 states 

~ expansion 

of  (x+y)4
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Kawai-Lewellen-Tye relations

Derive from relation between 

open & closed string amplitudes. 

Low-energy limit gives N=8 supergravity amplitudes                

as quadratic combinations of N=4 SYM amplitudes           ,

consistent with product structure of Fock space,

KLT, 1986
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Generalized unitarity at one loop

Ordinary unitarity:
put 2 particles on shell

Generalized unitarity:
put 3 or 4 particles on shell
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Multi-loop Generalized Unitarity

Maximally simple, yet they give excellent starting point for 

constructing full answer  

Can chop an arbitrary amplitude entirely into 3-point trees   

 maximal cuts

Remaining terms found systematically by letting propagators 

collapse from each maximal cut
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Results for complete 3 loop amplitudes 

in N=4 SYM & N=8 SUGRA

104 - 105 Feynman diagrams,  

yet only nine basic integrals!

Bern, Carrasco, LD, Johansson, Kosower, Roiban, hep-th/0702112 

Bern, Carrasco, LD, Johansson, Roiban, 0808.4112 [hep-th]

Two new ones (h), (i)

have no 2-particle cuts

Seven (a)-(g) long known 

– contain 2-particle cuts
BDDPR (1998)
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N=4 SYM integrals at 3 loops

manifestly quadratic in loop momentum     
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N=8 SUGRA integrals at 3 loops

also manifestly quadratic in loop momentum     BCDJR (2008)
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At 3 loops, N=8 SUGRA still 

no worse than N=4 SYM 

Manifestly quadratic representation  (D6R4)

 same degree of finiteness as N=4 SYM

• N=4 SYM long known to be a finite theory
Mandelstam 1983; Howe, Stelle, Townsend 1984

• So, either N=8 SUGRA starts to behave worse 

at some loop order, or else it is also finite!
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Four Loops

• Not 9, but 50 nonvanishing cubic 4-point graphs

• Determined the 50 numerator factors in the 

integrals, first for N=4 SYM, then, using KLT, for 

N=8 supergravity

Bern, Carrasco, LD, Johansson, Roiban, 0905.2326, 1008.3327
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Most Complex N=4 SYM Integrals

[N=8 SUGRA integrals much larger]
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Cancellations Between Integrals

• Form we found does not make the excellent

behavior of the four loop amplitude manifest.

• Intricate cancellations between the 50 loop 

integrals.

• But final outcome just as at 1, 2, and 3 loops:

N=8 SUGRA still behaves just as well

in ultraviolet as N=4 SYM at 4 loops!

(D8R4)
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What about  L = 5 ? 

• Motivation:  Various arguments point to 7 loops as the 

possible first divergence for N=8 SUGRA in D=4, 

associated with a D8R4   counterterm:
Howe, Lindstrom, NPB181, 487 (1981); Bossard, Howe, Stelle, 0908.3883; 

Kallosh, 0903.4630; Green, Russo, Vanhove, 1002.3805;                 

Bjornsson, Green, 1004.2692; Bossard, Howe, Stelle, 1009.0743;       

Beisert, Elvang, Freedman, Kiermaier, Morales, Stieberger,1009.1643

• Same D8R4   counterterm shows up at L = 4 in D = 5.5

• Does 5 loops  D10R4 (same UV as N=4 SYM)?

or  D8R4 (worse UV as N=4 SYM)?

• 5 loops would be a very strong indicator for 7 loops

• Now 100s of nonvanishing cubic 4-point graphs!
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• Suppose N=8 SUGRA is finite to all loop orders.

• Would this prove it’s a nonperturbatively consistent 

theory of quantum gravity?

• No!

• Two reasons it may need a nonperturbative completion:

• Likely L! or worse growth of the order L coefficients,          

~  L!  (s/MPl
2)L

• Different behavior of perturbative series

(E7(7) invariant!) compared with behavior of mass 

spectrum of black holes (E7(7) non-invariant!) 

• Would such a completion necessarily be string theory?   

Subject of much recent debate!

What might it all mean? 
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• QED is renormalizable, but its perturbation series has 

zero radius of convergence in a:       ~ L! aL

• But for small a it works pretty well:                                  

ge - 2 agrees with experiment to 10 digits!

• If N=8 SUGRA is finite to all orders in perturbation 

theory, then it is probably “only” as good as QED.         

But that’s pretty good!

• To be fair, string theory addresses puzzles related to 

black holes and information loss, which are 

nonperturbative and hard to address in N=8 supergravity

Is N=8 SUGRA “only” as good as QED?
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Conclusions

• Through 4 loops, the 4-graviton scattering amplitude of   
N=8 supergravity has UV behavior no worse than the 
corresponding 4-gluon amplitude of N=4 SYM.

• Will the same continue to happen at higher loops?  If 
so, then N=8 supergravity would be a finite, point-like 
theory of quantum gravity. Partial evidence from 
generalized unitarity supports this.

• We need a new way to look at the problem, rather than 
loop by loop!  Is there a deep symmetry responsible?

• N=8 supergravity is still only a “toy model” for quantum 
gravity – we don’t see any way to use it to describe the 
strong and weak interactions. 

• Still, could it point the way to other, more realistic, finite 
point-like theories?  (This is a big challenge.)
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Extra Slides
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Radiation Zeroes

• In 1979, Mikaelian, Samuel and Sahdev computed 

• They found a “radiation zero” at 

• Held independent of (W,g) helicities

• Implies a connection between “color” (here ~ electric charge Qd)
and kinematics (cosq)

g
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From Radiation Zeroes to 

Color-Kinematic Relations
• MSS result generalized to other 4-point non-Abelian gauge theory 

amplitudes by Zhu (1980), Goebel, Halzen, Leveille (1981). 

• Massless adjoint gauge theory result:

• Group theory  3 terms are not independent (Jacobi identity):

Ct – Cu = Cs

• In a suitable “gauge”, one finds:      nt – nu = ns
Same structure can be extended to an arbitrary number of legs

and provides a new “KLT-like” relation to gravity:

Bern, Carrasco, Johansson, 0805.3993



L. Dixon     Technion     11 April 2011 UV behavior of N=8 supergravity 38

Multi-loop Color-Kinematic Relations

• Same structure can also be 
extended to at least 3 loops 
in N=4 super-Yang-Mills 
theory       BCJ, 1004.0476

• Requires additional integral 
topologies, compared to    
“old form” 

• Gravity “squaring” relation 
works too!
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Hints that             is very special

divergence at five loops? Bern, LD, Dunbar, Perelstein, Rozowsky (1998)

• Found at two loops, and 

suggested for              that

does not appear 

without four extra derivatives

…

• Superspace-based speculation that D=4 case diverges only at L=6, 

not L=5 

• However, more recent analysis predicts D=4 case diverges at L=5, 

[and D=5 case diverges at L=4] unless additional cancellation 

mechanisms are present

• Multi-loop string results seem not to allow even  past L=2

• String/M duality arguments with similar conclusions, suggesting 

possible finiteness for all L.

• Light-cone superspace suggests finiteness until L=7    Kallosh, 0903.4630

• “No triangle” cancellations for 1-loop amplitudes 

Howe, Stelle, hep-th/0211279

Berkovits, hep-th/0609006; Green, Russo, Vanhove, hep-th/0611273

Green, Russo, Vanhove, hep-th/0610299

Bossard, Howe, Stelle, 0901.4661


